Abstract-We study neutrino spin oscillations in black hole backgrounds. In the case of a charged black hole, the maximum frequency of oscillations is a monotonically increasing function of the charge. For a rotating black hole, the maximum frequency decreases with increasing angular momentum. In both cases, the frequency of spin oscillations decreases as the distance from the black hole grows. As a phenomenological application of our results, we study a simple bipolar neutrino system which is an interesting example of collective neutrino oscillations. We show that the precession frequency of the flavor pendulum as a function of the neutrino number density will be higher for a charged non-rotating black hole as compared with a neutral rotating one.
INTRODUCTION
Neutrino physics is an active area of research with important implications for particle physics, cosmology and astrophysics. Cosmological implications of neutrinos include lepto/baryogenesis and possible connections to the dark sector of the universe [1] . The phenomenon of neutrino oscillations can explain solar and atmospheric neutrino problems. It also provides the first experimental evidence for physics beyond the Standard model since it requires a nonzero mass for neutrinos.
The effects of gravitational fields on neutrino oscillations have been studied in the literature. In [2], neutrino flavor oscillations in Kerr-Newman spacetime have been studied. The authors of [3] investigated the effect of a quantum gravity-induced minimal length on neutrino oscillations. Neutrino optics in gravitational fields has been studied in [4] . Interaction of neutrinos with an external field provides one of the factors required for a transition between helicity states. In [5] neutrino spin oscillations have been studied in the Schwarzschild background which describes the gravitational field of an uncharged and non-rotating black hole.
In this paper, we study neutrino spin oscillations in the Reissner-Nordstr¨om (RN) and Kerr backgrounds which describe the gravitational fields of charged non-rotating and neutral rotating black holes, respectively.
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NEUTRINO SPIN OSCILLATIONS IN THE REISSNER-NORDSTRÖM (RN)
METRIC The RN metric of a charged non-rotating black hole reads
Here Q and M are the charge and mass of the black hole, respectively, and we use the natural units = c = 1. The vierbein four-velocity components are [5]
where
U α is the four-velocity of a particle in its geodesic path, which is related to u α by u α = e α μ U μ . The fourvelocity U μ is related to the world velocity of a particle through 
To study the spin evolution of a particle in a gravitational field, we calculate the analogue of the electromagnetic field tensor. It is defined as
where e aμ;ν are covariant derivatives of vierbein vectors given by
Using Eqs. (5) and (7) 
e 2r;θ = 1, e 1ϕ;ϕ = −r sin θ cos θ, e 3r;ϕ = sin θ, e 3θ;ϕ = r cos θ.
We recall that an antisymmetric tensor in four dimensions can be expressed in terms of two three-vectors (such as the electric and magnetic fields):
It should be stressed that the electric and magnetic fields in (9) are not (real) electric and magnetic fields but only their analogues. Using Eqs. (4), (5), (6), (8), and (9), we have the following forms for the electric and magnetic fields:
Since the gravitational field around a charged nonrotating black hole is symmetric, we can consider neutrino motion in the equatorial plane θ = π/2 (hence U θ = 0). The four-velocity in the vierbein frame is not constant in the general case, but it can be shown that for circular orbits du a /dτ = 0, which means that the velocity four-vector of neutrinos is constant with respect to the vierbein frame. We assume that the motion takes place in a circular orbit with constant radius r (U r = dr/dτ = 0). It is important to note that not all orbits with arbitrary radius are stable. We concentrate on stable orbits. The geodesic equation of a particle in a gravitational field is given by [6]
where the variable q parameterizes the particle's world line. From Eqs.
(1), (2), and (11), we can calculate the values of v ϕ and γ −1 :
Neutrino spin precession is given by the expression − → Ω = − → G/γ, where the vector − → G is defined as follows [7] :
Substituting (3), (10), (12), (13), (14) and
, we obtain the only nonzero frequency component:
In Fig. 1 we show 2|Ω 2 |M versus r 2M for different values of α = Q/M . For α = 0 our results reduce to that in the case of the Schwarzschild metric [5] .
